The nth dimension subgroup of a finite metabelian p-group coincides with its nth lower central subgroup for all n 5 2p -1.
Introduction Let D,(G) = G II (1 +
Towards the dimension subgroup problem a remarkable result due to Sjogren [ll] states that, for 12 2 3, D,(G) l-y,(G) has exponent dividing a certain number c,_~ whose prime factors divide (n -2)!. In particular, if G is a p-group, then D,(G) = y,(G) for y1 I p + 1 (for II sp, this was earlier proved by Moran [9] ). In view of Rips' counterexample, the dimension subgroup problem remains equally significant for the class of metabelian groups. In this direction the most encouraging result is due to Gupta-Hales-Passi [5] who proved that if G is a finitely generated metabelian group, then there exists a natural number no = n,(GIG') such that, for all IZ 2 n,,, D,(G) = y,(G). A slight extension of Sjogren's p-group result has been offered in [6] where it is proved that if G is a metabelian p-group, p odd, then D,(G) = y,(G) for n 5 p + 2. The proof uses some ideas from Gupta [3] where Sjogren's general theorem is proved for finitely generated metabelian groups using a direct approach and yielding a better bound for the exponents of D,,(G) /y,,(G). An accessible account of Sjogren's work is contained in [7] and recently Cliff-Hartley [l] have offered a further simplified exposition.
By a careful blend of techniques from [l, 3,7] , in this paper we are able to prove that if G is a finite metabelian For our proof we shall need to use each of the formats (1) and (2) of R. Let f = ZF(F -1) be the augmentation ideal of the free group ring ZF. Define (by assumption);
wRF"E y[(FIRF").
We now recall certain results from [2-41 required for the proof of our main theorem.
Lemma 2.1 (Gupta [2] ). F tl(1 + fa + f") = F"y,(F) for all ~1. 0 Lemma 2.2 (Gupta [3] ). F or all n 2 1, e 2 1, c*(n)(x' -1) = c*(n)e(x -1) mod-
where c*( 
0
In Section 3 we shall prove the following two theorems using techniques from PI: 
(j), we have t(l) = c*(l). . . c*(l).
In Section 4 we shall prove the following theorem using techniques from [l, 71:
Using Theorems I, II and III we can now complete the proof of our main theorem, 
In particular, w -1 E fa + f" and it follows by Lemma 2.1 that w E F"yk(F). Since F" -1 I fa, we may assume that w E yk(F) in (4). Let uk E r(k). Then modulo r(k + l), uk is a Z-linear sum of elements of the form 
mod(x(k)+r(k+l)+fn),
k23.
Using (5)- (9) it follows that if uk E r(k), then, modulo g(k) + r(k + 1) + fa, uk is a Z-linear sum of elements of the form '('-') .
. . hk:$l)2hiJlpl, hi E R(i).
By Lemma 2.1, wI E F"y,+,(F) and it follows that w'(') E R(k)F"y,+,(F)
This proves Theorem II and hence also Theorem I for k Z-3 since c^( 1) = 1. Theorem I for k = 2 follows from (6), (7) and for k = 7 it is trivial.
Proof of Theorem III
Let w E Y~+JF) with w -1 E r(k) + a* + jk+m+l. We wish to prove that b(k)(w -1) = (fk -1) modulo r(k + 1) + a* + fk+m+l for some fk E R(k). Unlike the proof of Theorem II where the ideal a2 (and hence fa) played a key role, the proof of Theorem III does not depend on a2. We remark that Theorem III without a* is the highlight of Sjogren's work and we are required to carry out the same argument while preserving the presence of a*. Let n 2 2 be a fixed integer and let 
x (Ci°C;)U,+l for all u,EA* and t?l. Let 91 denote the ideal of A* generated by all Lie elements (a,, a,). Then we prove the following lemma which can also be deduced from a more general result of Hartley is a sum of elements U' E '21 @JE Q with positive degree in be. Again by (14) we have (A, -A,) u' E 'i?12 fBr Q and the result follows. 0
We can now complete the proof of Theorem III as follows. Let F = (Xl,. . . , xy) and let G = FIRF", where R is given by (2) . Let F" =  (x,, . . . , xq, y, where f E R(k), u; E c(k + l), z' En*. This yields wb(k) -1 SE (f-1) mod (r(k + 1) + a* + fk+"'+') as was to be proved.
